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We consider generalizations of a well-known class of spaces, called by S. Mrówka, N ∪ R,
where R is an inﬁnite maximal almost disjoint family (MADF) of countable subsets of the
natural numbers N . We denote these generalizations by ψ = ψ(κ,R) for κ  ω. Mrówka
proved the interesting theorem that there exists an R such that |βψ(ω,R)\ψ(ω,R)| = 1.
In other words there is a unique free z-ultraﬁlter p0 on the space ψ . We extend this
result of Mrówka to uncountable cardinals. We show that for κ  c, Mrówka’s MADF R
can be used to produce a MADF M ⊂ [κ]ω such that |βψ(κ,M) \ ψ(κ,M)| = 1. For
κ > c, and every M ⊂ [κ]ω , it is always the case that |βψ(κ,M)\ψ(κ,M)| = 1, yet there
exists a special free z-ultraﬁlter p on ψ(κ,M) retaining some of the properties of p0. In
particular both p and p0 have a clopen local base in βψ (although βψ(κ,M) need not be
zero-dimensional). A result for κ > c, that does not apply to p0, is that for certain κ > c,
p is a P-point in βψ .
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let κ ω be an inﬁnite cardinal number. An inﬁnite family A of countably inﬁnite subsets of κ (A ⊂ [κ]ω) is an almost
disjoint family (ADF) provided for all A, A′ ∈ A, if A = A′ then A ∩ A′ is ﬁnite. We say that a family A ⊂ [κ]ω is a maximal
almost disjoint family (MADF) provided A is an ADF and is not properly contained in any other almost disjoint family of
countable subsets of κ . Of course, instead of a cardinal κ , we may consider any set X with the cardinality of X equal to κ
(|X | = κ ).
We emphasize that we are considering families of countable subsets of a given set. Many people have considered “almost
disjoint families” of uncountable subsets of a given set (e.g., see [2, Chapter 12]).
Deﬁnition 1.1. For any ADF A ⊂ [κ]ω , let ψ(κ,A) denote the space with underlying set κ ∪A and with the topology having
as a base all singletons {α} for α < κ and all sets of the form {A} ∪ (A \ F ) where A ∈ A and F is ﬁnite.
Notation 1.2. When the underlying set κ and the ADF A are understood we often write ψ instead of ψ(κ,A) and refer to
it as a ψ-space.
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we extend the following well-known theorem of Mrówka. Let c denote the cardinality of the continuum, and βX the Stone–
Cˇech compactiﬁcation of the Tychonoff space X .
Theorem 1.3. (Mrówka [13]) There exists a MADF M ⊂ [ω]ω such that βψ(ω,M) \ψ(ω,M) contains exactly one point. Moreover
|M| = c.
Generalizing Mrówka’s theorem to uncountable cardinals is not entirely straightforward. For ω  κ  c we construct
MADF M ⊂ [κ]ω which have the property that |βψ \ ψ | = 1. Thus for κ  c, we get an exact analogue of Theorem 1.3. For
κ > c, it is never the case that βψ \ψ contains only one point. Indeed if κ > c, then |βψ \ψ | > c (see Corollary 6.4). Despite
|βψ \ ψ | = 1, we prove that there exists a special M ⊂ [κ]ω MADF for which there is a unique uniform z-ultraﬁlter p on
ψ(κ,M), where by uniform we mean |Z | = |M| for all Z ∈ p. The point p has several interesting topological properties:
In βψ the point p has a local base of clopen sets (although βψ need not be zero-dimensional), and if κ has uncountable
coﬁnality (cf(κ) > ω) and κ is not the successor cardinal of a cardinal of countable coﬁnality then p is a P-point in βψ (see
Sections 12 and 13). Let C(ψ(κ,A)) denote the set of all continuous real-valued functions on ψ(κ,A).
Mrówka essentially proved that the following two statements are equivalent for M ⊂ [ω]ω a MADF (see Section 5):
(1) |βψ(ω,M) \ ψ(ω,M)| = 1.
(2) For every continuous function f :ψ(ω,M) →R there exists r ∈R such that |ψ(ω,M) \ f −1(r)|ω.
It is natural to consider the condition which results by replacing “ω” with “ κ” in condition (2):
(2)κ
(∀ f ∈ C(ψ(κ,M))) (∃r ∈R) such that ∣∣ψ(κ,M) \ f −1(r)∣∣ κ.
This condition however, is trivially true for any κ such that κ = κω because this implies |M| = |ψ | = κ , hence for any r ∈R
we have |ψ \ f −1(r)| |ψ | κω = κ . Instead of (2)κ we use the following condition
(2)<|M|
(∀ f ∈ C(ψ(κ,M))) (∃r ∈R) such that ∣∣ψ(ω,M) \ f −1(r)∣∣< |M|.
Condition (2)<|M| leads to our main deﬁnition and a number of interesting results:
Deﬁnition 1.4. For ω κ  c, a MADF M ⊂ [κ]ω is called a Mrówka MADF (on κ ) provided for every f ∈ C(ψ(κ,M)) there
exists r ∈R such that |ψ(κ,M) \ f −1(r)|ω.
For κ > c a MADF M ⊂ [κ]ω is called a Mrówka MADF (on κ ) provided for every f ∈ C(ψ(κ,M)) there exists r ∈R such
that |ψ(κ,M) \ f −1(r)| < |M|.
Our deﬁnition of a Mrówka MADF has two parts because of the dichotomy between “ ω” for ω  κ  c, and “< |M|”
for κ > c.
The construction of this special MADF M ⊂ [κ]ω for κ > c is set-theoretic and involves several interesting set-theoretic
concepts. First of all, some of the steps in our construction of the MADF (for κ > c) use the Generalized Continuum Hy-
pothesis (GCH) or the weaker Singular Cardinal Hypothesis (SCH). In this paper we also use the hypothesis “a < c” where a
is the smallest cardinality of an inﬁnite MADF M ⊂ [ω]ω . Thus “a < c” is a short way of saying that there exists a MADF
A ⊂ [ω]ω with |A| < c. It is well known that the statement “a < c” holds in Cohen’s original model of the negation of the
Continuum Hypothesis [3,10].
An interesting cardinal number that occurs in this work is one usually denoted by c(ω) . Let c(n) denote the n-th successor
of the cardinality of the continuum c. Thus c(0) = c, c(1) = c+ , c(2) = (c+)+ = c++ , and so on. Let
c(ω) = sup{c, c+, c++, . . . , c(n), . . .}.
Thus c(ω) denotes the ﬁrst singular cardinal greater than the continuum. For κ < c(ω) our results are in ZFC, but for κ  c(ω)
most of our main results use some set-theoretic hypothesis, e.g., GCH or SCH.
2. The origins of ψ(ω,A)
The study in topology of almost disjoint families of inﬁnite subsets of the set of natural numbers and ψ(ω,A), dates
back at least to the 1925 paper of P. Alexandroff and P. Urysohn [1, Chapter V, 1.3]. They considered the open unit interval
(0,1) and for each irrational number x ∈ (0,1) they picked a sequence of rational numbers (xn)n ⊂ Q ∩ (0,1) converging
to x. Obviously the family A = {(xn)n: x is irrational} is an almost disjoint family of inﬁnite subsets of the rational numbers
(but A is not a maximal ADF). They deﬁned a topology on (0,1) by declaring each rational number in it to be isolated,
and basic neighborhoods of each irrational x were declared to be of the form {x} ∪ {xn: n i} for each i ∈ ω. Clearly this is
a ψ-space (i.e., ψ(Q ∩ (0,1),A)). In 1951 M. Kateˇtov [9] described essentially the same construction of an almost disjoint
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examples of ψ-spaces that we know.
The use in topology of maximal almost disjoint families M ⊂ [ω]ω of inﬁnite subsets of the set of natural numbers
dates back at least to the 1954 paper by S. Mrówka [11] (also see [12] and [13]), and later independently in the 1960
book by L. Gillman and M. Jerison [5] where the construction is attributed to J. Isbell (see p. 269). Mrówka and Isbell both
deﬁned a topological space from a MADF that is essentially identical with the one deﬁned by Alexandroff and Urysohn,
except, of course, that they used a maximal ADF. The use of a maximal ADF has the dramatic effect of making the ψ-space
pseudocompact. Recall that a space X is called pseudocompact provided every real-valued continuous function deﬁned on X
is bounded, or equivalently (in Tychonoff spaces) for every family {Ui: i ∈ ω} of non-empty open sets in X there exists a
point x ∈ X such that for every neighborhood W of x, {i ∈ ω: W ∩ Ui = ∅} is inﬁnite [4, 3.10.23].
The paper by Alexandroff and Urysohn [1] was not cited in any of the previously mentioned sources.
3. Deﬁnitions and lemmas
Recall C(ψ(κ,A)) denotes the set of all continuous real-valued functions deﬁned on ψ(κ,A), and for f ∈ C(ψ(κ,A)),
we denote the range of f by Rng( f ) = {r ∈R: (∃x ∈ ψ(κ,A)) ( f (x) = r)}. For cardinals λ κ , let [κ]λ = {X ⊂ κ: |X | = λ}.
We list some basic properties of ψ = ψ(κ,A). The simple proofs of these properties are essentially the same as Mrówka’s
proofs for the countable case (see [11]).
(1) In the space ψ every α ∈ κ is isolated,
(2) κ is an open dense subset of ψ ,
(3) A = ψ \ κ is a closed discrete set,
(4) ψ is a zero-dimensional T2-space,
(5) ψ is locally compact, but not compact,
(6) ψ is ﬁrst countable,
(7) A is a MADF if and only if ψ is pseudocompact.
We recall the statements of the GCH and the SCH:
GCH: For every cardinal κ ω, 2κ = κ+ , where κ+ is the smallest cardinal greater than κ .
Since we are concerned with countable subsets of arbitrary sets, we use the following equivalent form of the SCH, which
is essentially a theorem of Jack Silver (see [7, Theorem 23(b)]).
SCH: For every cardinal κ  c
κω =
{
κ if cf(κ) = ω,
κ+ if cf(κ) = ω,
where cf(κ) denotes the coﬁnality of κ .
We recall the deﬁnition of the ω-th root of a cardinal κ (cf. [8, p. 88]).
Deﬁnition 3.1. For ω κ the ω-th root of κ is deﬁned by ω
√
κ = min{μ: μω  κ}.
Clearly the GCH implies the SCH, and SCH implies ω
√
κ = κ for all limit cardinals κ .
Lemma 3.2. For all κ ω and all MADF A ⊂ [κ]ω , A is a zero set in ψ iff κ = ω.
Lemma 3.3. For all κ ω and all MADF A ⊂ [κ]ω , if Z ⊂ ψ(κ,A) is a zero set and |Z |ω then Z is compact.
Proof. For κ = ω this is an exercise in the book by Gillman and Jerison [5, 5I]. The proof is the same for arbitrary κ . 
Lemma 3.4 (Clopen Set Lemma). Let M ⊂ [κ]ω be a MADF. If X ⊂ ψ = ψ(κ,M) then there is a clopen set W in ψ such that X ⊂ W
and |W | |X |ω .
Proof. Let N be an ω-closed elementary submodel with X, κ,M ∈ N , X ⊂ N and |N| = |X |ω. Put W = N ∩ ψ . Clearly
W ⊃ X . To see that W is open, let M ∈ W . Since M is countable, M ⊂ N , hence the neighborhood {M} ∪ M ⊂ W . To see
that W is closed, let M0 be a limit point of W . Then M0 ∩ (W ∩ κ) is a countably inﬁnite subset of N . Since N is ω-closed,
M0 ∩ (W ∩ κ) ∈ N . Thus the following statement holds:
(∃M ∈ M) (M ⊃ (M0 ∩ W ∩ κ))
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M ∈ N such that M ⊃ (W ∩ M0). By almost disjointness, M = M0; so M0 ∈ N ∩ ψ = W . Thus W is closed. 
In order to study the Stone–Cˇech compactiﬁcation of a ψ-space we use the approach to βX in [5] and recall an important
fact:
Fact 3.5. ([5, 6.4]) For a zero set Z in X and free z-ultraﬁlter u on X,
Z ∈ u ⇔ u ∈ clβX (Z) = Z .
Notation 3.6. For E ⊂ ψ , we let E denote the closure of E in βψ .
The following lemma can be deduced from known results, but we give a simple direct proof.
Lemma 3.7. If X is pseudocompact, and E is a zero set in βX, then E ∩ X is dense in E.
Proof. Since E ∩ X ⊂ E , we have E ∩ X ⊂ E = E . We show E ⊂ E ∩ X . Let q ∈ E; say E = f −1(0). Let U be any zero set
neighborhood of q in βX ; say U = g−1(0). Then for all n > 0, g−1([0,1/n)) and f −1([0,1/n)) are both neighborhoods of q;
therefore g−1([0,1/n)) ∩ f −1([0,1/n)) is a neighborhood of q. Since X is dense in βX ,
g−1
([0,1/n))∩ f −1([0,1/n))∩ X = ∅.
By pseudocompactness,⋂
n>0
[
g−1
([0,1/n))∩ f −1([0,1/n))∩ X] = ∅.
Then for any x in this intersection, f (x) = g(x) = 0; so x ∈ U ∩ (E ∩ X). Thus U ∩ (E ∩ X) = ∅; so q ∈ (E ∩ X). 
Lemma 3.8. If X is pseudocompact, and W is a family of clopen subsets of X which is a base for a free z-ultraﬁlter p on X, then
{W : W ∈ W} is a local base of clopen sets for p in βX.
Proof. Let U be a zero set neighborhood of p in βX . Then U ∩ X is a zero set in X , and by Lemma 3.7, U ∩ X = U . Since
p ∈ U = U ∩ X , we have (U ∩ X) ∈ p by Fact 3.5. Since W is a base for p, there exists W ∈ W such that W ⊂ (U ∩ X). Since
W ∈ p, we have p ∈ W ⊂ U ∩ X = U by Fact 3.5. This shows that sets of the form W for W ∈ W form a local base for p
in βX . Moreover, W is clopen in X implies W is clopen in βX by [5, 6.9(c)]. 
Lemma 3.9. Let κ , λ be cardinals with κ  ω, and λ > ω. Let M ⊂ [κ]ω a MADF. If H ⊂ κ with |H| = λ, then | clψ(H) \ H|  λ,
where clψ(H) denotes the closure in ψ(κ,M).
Proof. We construct by recursion a λ-sequence of distinct points in clψ(H) \ H . Assume we have {Aα: α < γ } ⊂ M,
where γ < λ, such that for all α < γ , Aα ∈ clψ(H) and for all β < α < γ , Aα = Aβ . To construct Aγ , ﬁrst note that
|⋃α<γ Aα | = |γ | · ω = max{|γ |,ω} < λ by hypothesis. Thus |H \⋃α<γ Aα | = λ. By maximality of M, there exists B ∈ M
such that B ∩ (H \⋃α<γ Aα) is inﬁnite. Then B ∈ clψ(H) \ H , and for all α < γ , B = Aα . Put Aγ = B . This completes the
recursion; and the result follows. 
Next we consider the cardinality of zero sets in ψ-spaces. For the countable case (κ = ω) much is known. We noted in
Lemma 3.2, that M is a zero set in ψ(ω,M). S.H. Hechler [6] constructed models of set theory in which c can be arbitrarily
large, and for each ω < λ c there is a MADF Mλ ⊂ [ω]ω such that |Mλ| = λ. In the space ψ(ω,Mλ), Mλ is a zero set of
cardinality λ. Since c can be arbitrarily large, this includes λ with cf(λ) = ω. Any MADF containing the ADF of Alexandroff
and Urysohn in Section 2 has cardinality c and yields a zero set in ψ of cardinality c, that is constructed in ZFC. On the
other hand, there is no zero set Z in ψ(ω,M) such that |Z ∩ M| = ω ([13, 3.9], [5, 5I]). Essentially the same argument
yields the statement there exists no zero set Z in any ψ(κ,M) such that ω |Z ∩ M| < a.
In the next lemma we get another restriction on the cardinality of zero sets in ψ-spaces.
Lemma 3.10 (Zero Set Lemma). Let c < λ κ with cf(λ) = ω, and ω√λ = λ. Let M ⊂ [κ]ω be a MADF. Then there are no zero sets Z
in ψ(κ,M) such that |Z | = λ.
Proof. Assume Z = f −1(0) and |Z | = λ. By Lemma 3.9, |Z ∩M| = λ. Let (λn) be a sequence of successor cardinals such that
c < λ0 and λn < λn+1 for all n ∈ ω and λ =∑n∈ω λn . Since |Z ∩ M| = λ we may write
Z ∩ M =
⋃
{En: n ∈ ω}
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an increasing sequence of natural numbers kn such that
(1) En ∪ (⋃ En) ⊂ Wn ⊂ ψ(κ,M),
(2) Ekn \ Wn = ∅.
In order to construct Wn+1 and kn+1 from Wn and kn we ﬁrst note that by the Clopen Set Lemma (Lemma 3.4), there
exists a clopen set Wn+1 such that En+1 ∪ (⋃ En+1) ⊂ Wn+1 and |Wn+1| |En+1 ∪ (⋃ En+1)|ω  λωn+1 < λ by ω√λ = λ. Pick
kn+1 > kn such that λkn+1 > |Wn|. Thus Ekn+1 \ Wn = ∅. This completes the recursion. We pick Mn ∈ Ekn+1 \ Wn . Since Wn is
closed, Mn ∩ Wn is ﬁnite. Since Mn ∈ Z , f (Mn) = 0, we may pick an ordinal
αn ∈ Mn \ Wn
such that − 1n < f (αn) < 1n . Put A = {αn: 1 n < ω}. We have that the sequence ( f (αn))n converges to 0 in R, and A ∩ Wn
is ﬁnite for all n ∈ ω. There exists M ∈ M such that M ∩ A is inﬁnite, which implies f (M) = 0; so M ∈ Z ∩ M. Pick n ∈ ω
such that M ∈ En ⊂ Wn . Now we have M ∩ A ⊂ Wn ∩ A is ﬁnite, which is a contradiction. That completes the proof. 
We note a useful fact that follows from Lemma 3.10.
Corollary 3.11 (SCH). Let κ  c, and M ⊂ [κ]ω be a MADF. Then
|M| =
{
κ if cf(κ) = ω,
κ+ if cf(κ) = ω.
Proof. We need only note that the whole space ψ = ψ(κ,M) is a zero set in ψ and M = (ψ \ κ). Thus if cf(κ) = ω,
by Lemma 3.10, |ψ(κ,M)| = |ψ(κ,M) \ κ | = κ ; so |M| = κ+ (by the SCH). If cf(κ) > ω then by the SCH, κω = κ , and
κ  |M| κω = κ . 
It follows from Corollary 3.11 that if κ  c and M ⊂ [κ]ω is a MADF, then assuming the SCH we get cf(|M|) = ω. This
fact, however, we can prove in ZFC:
Lemma 3.12 (ZFC). For all κ  c and all MADF M ⊂ [κ]ω , cf(|M|) = ω.
Proof. Assume cf(|M|) = ω; so actually κ > c. We may write |M| = sup{λi: i ∈ ω} where (λi)i is a strictly increasing
sequence of cardinals with λ0 = ω1. Then we may write M =⋃{Mi: i ∈ ω} where (Mi)i is an increasing sequence of sets
with |Mi | = λi for all i ∈ ω; hence |⋃Mi | = ω · λi = λi . Pick αi ∈⋃Mi+1 \⋃Mi for i ∈ ω and put A = {αi: i < ω}. By
maximality, there exists M ∈ M such that M ∩ A is inﬁnite. There exists i such that M ∈ Mi . But then for j  i, α j /∈ M .
This is a contradiction. 
Corollary 3.13 (ZFC). Let M ⊂ [κ]ω be a MADF. If cf(κ) = ω then |M| κ+ .
Proof. Let M ⊂ [κ]ω be a MADF. Since M is maximal, |M|  κ . Since cf(κ) = ω, |M| = κ by Lemma 3.12, hence
|M| κ+ . 
4. The Mrówka join of two almost disjoint families
Let X , Y be two disjoint inﬁnite sets and consider two ADF A ⊂ [X]ω , B ⊂ [Y ]ω , such that |A| = |B|. Let ϕ :A → B
be a bijection (it is not required that |X | = |Y |). The Mrówka join of A and B (with respect to ϕ) is the family A ⊕ B =
{A ∪ ϕ(A): A ∈ A}.
Note that since X , Y are disjoint, A ⊕ B ⊂ [X ∪ Y ]ω is an ADF. Further, if both A, B are MADF, then A ⊕ B is a MADF
too.
We deﬁne a function h :ψ(X, A) → ψ(X ∪ Y ,A ⊕ B), by
h(p) =
{
p if p ∈ X,
A ∪ ϕ(A) if p = A ∈ A.
Clearly h is one–one from X ∪A onto X ∪A⊕B, and agrees with the identity map on X . The inverse map of h restricted
to the non-isolated points can be deﬁned by h−1(φ(A) ∪ A) = A and is also a (well-deﬁned) bijection from A ⊕ B onto A.
We call h the natural embedding of X ∪A into ψ(X ∪ Y ,A⊕B). The next lemma establishes that h is indeed an embedding.
Lemma 4.1. Let X , Y be disjoint inﬁnite sets, and let A ∈ [X]ω and B ∈ [Y ]ω be ADF such that |A| = |B|. Let φ :A → B be one–one
and onto. Then the function h is an embedding of ψ(X, A) into ψ(X ∪ Y ,A ⊕ B) (i.e., a homeomorphism onto the closed subspace
(X ∪ A ⊕ B) ⊂ ψ(X ∪ Y ,A ⊕ B)).
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ψ(X,A)). Let U be a basic neighborhood of A; say U = {A} ∪ (A \ F ) where F is ﬁnite. Then h(U ) = {A ∪ ϕ(A)} ∪ A \ F
which is a basic neighborhood of h(A) = A ∪ϕ(A) in the closed subspace. This shows that h−1 is continuous. Now let V be
a basic neighborhood of h(A) ∈ Rng(h); say V = [{h(A)} ∪ (h(A) \ G)] ∩ Rng(h) where G is ﬁnite. Then h−1(V ) = {A} ∪ A \ G
which is a basic neighborhood of A in ψ(X,A). 
5. Equivalent conditions for |βψ \ ψ| = 1 for ω κ  c
Theorem 5.1. The following conditions are equivalent for a MADF M ⊂ [κ]ω:
(1) |βψ(κ,M) \ ψ(κ,M)| = 1.
(2) (∀ f ∈ C(ψ(κ,M))) (∃r ∈R) such that |ψ(κ,M) \ f −1(r)|ω.
(3) p = {Z ∈ Z(ψ): |ψ \ Z |ω} is a free z-ultraﬁlter on ψ .
(4) g = {Z ∈ Z(ψ): |Z | > ω} is a ﬁlter on ψ .
Proof. (1) implies (2): Let p be the unique point in βψ \ ψ , and let f ∈ C(ψ). By pseudocompactness, f is bounded, say
f (ψ) ⊂ [a,b]. Thus f :ψ → [a,b]. Let f :βψ → [a,b] denote the Stone extension of f . Now take r = f (p). We show that
ψ \ f −1(r) is at most countable. This follows because for every n ∈ ω the set βψ \ ( f )−1((r − 1n , r + 1n )) is a compact subset
of βψ not containing p, hence is a subset of ψ . Therefore
βψ \
[
f −1
((
r − 1
n
, r + 1
n
))]
= ψ \
[
f −1
((
r − 1
n
, r + 1
n
))]
.
Now compact subsets of ψ contain at most ﬁnitely many non-isolated points and are at most countable; so
∣∣ψ \ f −1(r)∣∣∑
n
∣∣∣∣ψ \
[
f −1
((
r − 1
n
, r + 1
n
))]∣∣∣∣ω.
(2) implies (3): The set p is easily seen to be a ﬁlter on ψ . Since ψ is covered by the family {{M} ∪ M: M ∈ M} of
countable, clopen sets each of whose complements is in p, it follows that
⋂
p = ∅ which means that p is a free ﬁlter. Thus
we need to show that p is a z-ultraﬁlter (i.e., a maximal z-ﬁlter in ψ ). Suppose E is a zero set in ψ such that p ∪ {E} has
the ﬁnite intersection property. We show that E ∈ p. Let f ∈ C(ψ) be such that E = f −1(0). By (2) there exists r ∈ R such
that |ψ \ f −1(r)|ω. Therefore f −1(r) ∈ p. By our assumption E ∩ f −1(r) = ∅, i.e., f −1(0) ∩ f −1(r) = ∅; so r = 0 and thus
E ∈ p.
(3) implies (4): In general p ⊂ g because ψ is uncountable whenever M is maximal. It clearly suﬃces to show that
g ⊂ p. Let Z ∈ g; so |Z | is uncountable. Then Z ∈ p since otherwise there exists E ∈ p such that Z ∩ E = ∅, but this says
that Z ⊂ (ψ \ E), which says that Z is countable, a contradiction.
(4) implies (1): If Z is a zero set on ψ and |Z |ω then by [13, 3.9], [5, 5I] Z ∩M is not countably inﬁnite; hence must
be ﬁnite. Now this implies that the closed set Z is compact. In other words, every countable, closed subset of ψ is compact.
Thus if we assume there exists x, y ∈ βψ(ω,M) \ψ(ω,M) such that x = y, by maximality there exists Z1 ∈ x, Z2 ∈ y such
that Z1 ∩ Z2 = ∅. By (4) one of these sets is countable, hence compact but that contradicts that x, y are free z-ultraﬁlters
on ψ . 
Lemma 5.2. Let μ be an inﬁnite cardinal, and let X , Y be disjoint inﬁnite sets, and let A ⊂ [X]ω and B ⊂ [Y ]ω be almost disjoint
families with |A| = |B| = μ. If either A or B is a Mrówka MADF, then for every f ∈ C(ψ(X ∪ Y ,A⊕B)), there exists r ∈R such that
|(A ⊕ B) \ f −1(r)| < μ. Moreover if one of A, B is a Mrówka MADF and the other is a MADF, then (A ⊕ B) is a Mrówka MADF on
X ∪ Y .
Proof. We assume that A is a Mrówka MADF. Let f ∈ C(ψ(X ∪ Y ,A ⊕ B)). Let ϕ be the bijection used to deﬁne A ⊕ B,
and let h be the natural embedding of ψ(X,A) into ψ(X ∪ Y ,A ⊕ B) deﬁned above. Then f ◦ h ∈ C(ψ(X,A)), and hence
by hypothesis there exists r ∈R such that |ψ(X,A) \ h−1( f −1(r))| < |A| = μ. Since h is one–one, we know that∣∣h(ψ(X,A) \ f −1(r))∣∣< μ.
Now
h
(
ψ(X,A) \ f −1(r))= (X ∪ A ⊕ B) \ f −1(r),
so we have
∣∣(X ∪ A ⊕ B) \ f −1(r)∣∣< μ (1)
hence |(A ⊕ B) \ f −1(r)| < μ.
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equality in (1). To simplify the notation, we put Ψ = ψ(X ∪ Y ,A ⊕ B). Since the underlying set for Ψ is X ∪ Y ∪ (A ⊕ B)
we need only show that∣∣Y \ f −1(r)∣∣< μ.
Suppose otherwise that |Y \ f −1(r)|μ. Since both A, B are MADFs, A ⊕ B is a MADF and |A ⊕ B| = μ. By Lemma 3.12,
cf(μ) > ω. Thus there exists n 1 such that |Y \ f −1(r − 1n , r + 1n )| = |Y \ f −1(r)|μ. Put Y1 = Y \ f −1(r − 1n , r + 1n ). Then
f [Y1] does not have r in its closure. By maximality of A ⊕ B and Lemma 3.9, | clΨ (Y1) \ Y1|μ. But
clΨ (Y1 \ Y1) ⊂ (A ⊕ B) \ f −1(r)
which contradicts (1). This completes the proof. 
Corollary 5.3. The following conditions are equivalent:
(0) ω κ  c.
(1) There exists a MADF M ⊂ [κ]ω such that |βψ(κ,M) \ ψ(κ,M)| = 1.
(2) There exists a MADF M ⊂ [κ]ω such that (∀ f ∈ C(ψ(κ,M))) (∃r ∈R) such that |ψ(κ,M) \ f −1(r)|ω.
(3) There exists a MADF M ⊂ [κ]ω such that p = {Z ∈ Z(ψ): |ψ \ Z |ω} is a free z-ultraﬁlter on ψ .
(4) There exists a MADF M ⊂ [κ]ω such that g = {Z ∈ Z(ψ): |Z | > ω} is a ﬁlter on ψ .
Proof. (0) ⇒ (1): If κ = ω the desired M ⊂ [ω]ω is given by Mrówka’s Theorem 1.3. If ω < κ  c, let M ⊂ [ω]ω be
Mrówka’s MADF just mentioned. Mrówka proved that |M| = c. By Zorn’s lemma, let B ⊂ [κ \ ω]ω be any MADF. It is easy
to arrange that |B| = c. Then M ⊕ B, the Mrówka join of M and B, is the desired MADF on κ by Lemma 5.2.
That (1)–(4) are equivalent follows from Theorem 5.1. To complete the proof of this corollary, we prove:
(4) ⇒ (0): We prove the contrapositive; so assume (0) fails, i.e., κ > c. By the Clopen Set Lemma (Lemma 3.9) there
exists a clopen set W ⊂ ψ with |W | = cω = c (start with any subset of ψ of cardinality c). Thus |(ψ \ W )| = κ > c. But now
we have two disjoint uncountable zero sets, hence (4) fails. This completes the proof of the corollary. 
6. Lower bound on |βψ(κ,A) \ ψ(κ,A)| for κ > c
We want to extend Mrówka’s theorem to all uncountable cardinals, and by the results in the preceding section, we may
focus on cardinals κ > c. For κ > c, Corollary 5.3 says that the Stone–Cˇech remainder of ψ(κ,M) is never a single point. In
this section we show that the cardinality of the Stone–Cˇech remainder of ψ(κ,M) is relatively large.
Remark 6.1 (ZFC). If κ > c, then c < ω
√
κ .
Proof. Otherwise ω
√
κ  c which implies κ  cω = c, which contradicts the hypothesis. 
Remark 6.2 (SCH). If κ > c, then
ω
√
κ =
{
λ if κ = λ+ and cf(λ) = ω,
κ otherwise.
Proposition 6.3 (ZFC). If κ > c, M ⊂ [κ]ω is a MADF, and B ⊂ M with |B| > c, then |B \ B| ω√|B|, where the closure is taken in
βψ(κ,M).
Proof. Assume for α < γ (where γ < ω
√|B| ) we have constructed clopen sets Wα such that
(1) α < β < γ implies Wα ∩ Wβ = ∅,
(2) ω |Wα ∩ B| |Wα | c.
Step γ : Put X =⋃α<γ Wα . Then |X | c · |γ |, hence
|X |ω  cω · |γ |ω  c · |γ |ω < |B|.
The last inequality follows because c < |B| and γ < ω√|B|. By the Clopen Set Lemma there exists a clopen set U ⊃ X with
|U |  |X |ω < |B|. Thus |B \ U | = |B|. Pick a countable set E ⊂ B \ U . By the Clopen Set Lemma, there is a clopen set
Wγ such that E ⊂ Wγ ⊂ ψ \ U and |Wγ |  |E|ω = c. This completes the recursion. We have a pairwise disjoint family
{Wα: α < ω√|B| } of clopen sets in ψ . Thus {Wα: α < ω√|B| } is also a pairwise disjoint family of clopen sets in βψ ,
and since each Wα ∩ B is inﬁnite, Wα ∩ B is not compact in ψ , hence has at least one limit point in βψ \ ψ . Thus
|B \ B| ω√B. 
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Proof. We have c < κ  |M| by maximality. Since βψ \ ψ = M \ M, the result follows from Proposition 6.3. 
By assuming SCH we can improve the conclusion of Proposition 6.3 as follows.
Corollary 6.5 (SCH). If B ⊂ M and c < |B|, then |B \ B| |B|, where the closure is taken in βψ(κ,M).
Proof. By the above proposition, |B \ B|  ω√|B|; so if ω√|B| = |B| we are done. Otherwise by the SCH, |B| = μ+ where
cf(μ) = ω. Let {λn: n ∈ ω} be a sequence of successor cardinals with μ = sup{λn: n ∈ ω}.
Assume we have constructed zero sets Zα for α < γ where γ < |B| = μ+ such that
(1) α < β < γ implies Zα ∩ Zβ = ∅, and
(2) ω |Zα ∩ B| |Zα | c.
Put X =⋃{Zα: α < γ }. Then |X | c · |γ |μ < μ+ . We may deﬁne sets Xn ⊂ X such that |Xn| = λn and X =⋃n∈ω Xn .
By the clopen set lemma there exist clopen sets Wn such that Xn ⊂ Wn and |Wn| |Xn|ω  λωn = λn by the SCH. We have
(
⋃
n∈ω Wn) is a countable union of cozero sets, hence is a cozero set and |
⋃
n∈ω Wn| = μ. Thus Z = ψ \
⋃
n∈ω Wn is a zero
set in ψ and |B ∩ Z | = μ+ . Pick a countably inﬁnite set E ⊂ (B ∩ Z) and let W be a clopen set such that E ⊂ W and
|W |ωω = c. Then Zγ = Z ∩ W is the desired zero set that continues the recursion. We now have a family {Zα: α < μ+}
of pairwise disjoint zero sets satisfying (1) and (2). By (1) {Zα: α < μ+} is a pairwise disjoint family of closed sets in βψ .
By (2) each Zα contains at least one point in B \ B; so |B \ B|μ+ = |B|. 
Corollary 6.6 (SCH). If κ > c then |βψ \ ψ | |M|.
7. Equivalent conditions for a Mrówka MADF for κ > c
We now give some equivalent formulations of Mrówka MADF when κ > c.
Theorem 7.1. For κ > c and M ⊂ [κ]ω , a MADF the following are equivalent,
A(κ): M is a Mrówka MADF.
B(κ): p = {Z ∈ Z(ψ): |ψ \ Z | < |M|} is a free z-ultraﬁlter on ψ .
C(κ): g = {Z ∈ Z(ψ): |Z | = |M|} is a z-ﬁlter. In fact, g = p; so g is a free z-ultraﬁlter on ψ .
Proof. A(κ) ⇒ B(κ) follows in a similar manner to the proof of (2) ⇒ (3) in Theorem 5.1.
To prove B(κ) ⇒ C(κ), it suﬃces to show that g ⊂ p because p ⊂ g is obvious. Let Z ∈ g . We need to show that
|ψ \ Z | < |M|. Since ψ \ Z is a cozero set, we may write (ψ \ Z) =⋃{Zi: i ∈ ω} where each Zi is a zero set in ψ . Since g
is a ﬁlter, Zi /∈ g so |Zi | < |M| for all i ∈ ω. By Lemma 3.12, cf |M| = ω, hence
|ψ \ Z |
∑
i∈ω
|Zi| < |M|.
Thus Z ∈ p.
To prove C(κ) ⇒ A(κ), let f ∈ C(ψ). By C(κ), g is a z-ultraﬁlter which is clearly free, hence g ∈ βψ . Put r = f (g), where
f denotes the Stone extension of f . By the Zero Set Lemma (Lemma 3.10) f −1(r) = ( f )−1(r) ∩ ψ is dense in ( f )−1(r), thus
g ∈ ( f )−1(r) implies f −1(r) ∈ g . Since g = p, we have f −1(r) ∈ p; so |ψ \ f −1(r)| < |M|. This completes the proof. 
A main theorem in this paper is the following:
Theorem 7.2 (GCH). For every cardinal κ > c there exists a Mrówka MADF on [κ]ω .
In Theorem 7.2, the GCH is a convenient hypothesis that is stronger than the set-theoretic assumptions we actually use.
We now turn to the proof of Theorem 7.2 and the construction of Mrówka MADF for cardinals κ > c. This is where the
main diﬃculties occur in generalizing Mrówka’s Theorem 1.3 to uncountable cardinals. The proof follows from our results
in Sections 8–10.
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In this section the proofs are in ZFC. Let κ be an inﬁnite cardinal. We deﬁne
 :κ+ → κ+
by (0) = κ , (α + 1) = (α) + κ , (α) =⋃{(β): β < α} for α a limit ordinal.
For an ordinal α with cf(α) = ω, let Unb(α) = {A ∈ [(α)]ω: sup A = (α)}, and let Inc((α)) = {A ∈ Unb((α)): |A ∩
β| < ω for all β < α}.
Let H be an ADF of countable sets. We say that H is maximal in Unb((α)) provided for every U ∈ Unb(α) there is H ∈ H
such that H ∩ U is inﬁnite (we do not assume H ⊂ [(α)]ω). Similarly we deﬁne the notion “H is maximal in Inc(α)”. Note
that H is maximal in Inc(α) if and only if H is maximal in Unb(α).
Lemma 8.1. Let κ ω. Let cf(α) = ω and let {Ei: i ∈ ω} be a family of inﬁnite subsets of l(α) such that
(i) sup Ei < min Ei+1 ,
(ii) sup
⋃{Ei: i ∈ ω} = l(α),
(iii) |Ei | κ for all i ∈ ω.
If H ⊂ Unb(l(α)) is an ADF maximal in Unb(l(α)), and
H′ = {H ∈ H: H ∩ Ei = ∅ for inﬁnitely many i < ω}
then |H′| κ .
Proof. In fact, |H′|  a  ω1 because for any sequence E ′n ⊂ En of countably inﬁnite sets, the family {E ′n: n ∈ ω} ∪ H is
a MADF on the set
⋃{E ′n: n ∈ ω}. If the conclusion fails then we have ω1  |H′| = μ < κ . Hence |⋃H′| ω · μ = μ < κ .
We may pick αn ∈ En \⋃H′ for each n ∈ ω. By (i) and (ii) A = {αn: n ∈ ω} ∈ Inc(l(α)). Since H is maximal in Unb(l(α)),
there exists H ∈ H, such that |A ∩ H| = ω; so H ∈ H′ but A ∩ (⋃H′) = ∅, and this is a contradiction. 
Now we come to the main theorem in this section.
Theorem 8.2. Let κ  c. If there exists a Mrówka MADF A on κ with |A| = κ , then there exists a Mrówka MADF M on κ+ with
|M| = κ+ .
Proof. We again use the deﬁnition of the ordinal function l deﬁned at the beginning of this section. For each α < κ+ , let
Aα be a copy of the given A in [(α + 1) \ (α)]ω .
By recursion on κ+ , we construct Mα ⊂ [(α)]ω such that for all α < κ+ the following conditions are satisﬁed:
(1) Mα is an ADF and |Mα | = κ ,
(2) α < β implies Mα ⊂ Mβ ,
(3) if α = β + 1 and cf(β) = ω, then Mβ+1 = Mβ ∪ Aβ+1,
(4) if α = β + 1 and cf(β) = ω, then Mβ+1 = Mβ ∪ (Aβ+1 ⊕ Uα), where Uα is a maximal ADF in Inc((α)) and |Uα | = κ ,
(5) if α is a limit ordinal, then Mα =⋃β<α Mβ .
We start the recursion by taking M0 = A, the given MADF on κ of cardinality κ . We assume we have constructed Mβ
for β < α satisfying (1)–(5). We have to construct Mα ⊂ [(α)]ω satisfying (1)–(5).
If α is a limit ordinal, then by (5) we take Mα =⋃β<α Mβ , and we check (1):
|Mα |
∑
β<α
|Mβ | |α| · κ  κ · κ = κ.
If α = β + 1 and cf(β) = ω, then clearly Mβ ∪ Aα ⊂ [(β + 1)]ω is an ADF satisfying (1) and (2).
If α = β + 1 where cf(β) = ω, then we must construct Uα . Let B ⊂ [(β)]ω be any MADF with |B| = κ (e.g. a copy
of A), and let B′ = {B ∈ B: sup B = (β)}. Clearly B′ is maximal in Unb((β)). For each B ∈ B′ , let JB = [B]ω ∩ Inc((β)).
Of course, JB is not empty since sup B = (β). By Zorn’s lemma there is an ADF NB ⊂ JB such that NB is maximal in JB .
We have |NB | |JB | |B|ω = c. Now put Uα =⋃{NB : B ∈ B′}. Then |Uα |∑{|NB |: B ∈ B′} κ because |B′| c κ . By
deﬁnition, Uα ⊂ Inc((β)), and we next show that Uα is maximal in Inc((β)). To see this, let A ∈ Inc((β)). There exists
B ∈ B such that |A ∩ B| = ω. Since A ∩ B ∈ JB , there exists N ∈ NB such that |N ∩ (A ∩ B)| = ω; so |N ∩ A| = ω. Thus Uα is
maximal in Inc((β)).
Now we show that |Uα | = κ . We have already that |Uα | κ ; so we need to show that |Uα | κ . We will use Lemma 8.1.
To apply the lemma, note that, by the deﬁnition of the function l, for every τ < β , |(β) \ (τ )| = κ . Since cf(β) = ω, we
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we put En = (βn+1) \ (βn). Since Uα is maximal in Unb((β)), Lemma 8.1 applies to show that |Uα |  κ . Thus we have
|Uα | = κ . Put Mα = Mβ ∪ (Uα ⊕ Aα), the join is well deﬁned because |Aα | = |Uα |. This completes condition (4), and this
completes the recursion.
We now assume that we have constructed families Mα for α < κ+ satisfying conditions (1)–(5) above. We deﬁne
M =⋃α<κ+ Mα . By (1) and (2) M is an ADF and |M| = κ+ . We show that M is a maximal ADF. Let A ∈ [κ+]ω . It suﬃces
to assume that A is increasing in κ+ . Let β = sup A. Then cf(β) = ω. By (4), there exists B ∈ Uβ such that |B ∩ A| = ω. Thus
M = B ∪ ϕ(B) ∈ Uα ⊕ Aα ⊂ Mα ⊂ M, where ϕ is the bijection used in the join of Aα and Uα , and |M ∩ A| = ω.
To complete the proof of Theorem 8.2, we must show that M is a Mrówka family on κ+ . Let f ∈ C(ψ(κ,M)). We now
proceed with three claims regarding this speciﬁc f .
Claim 1. For each β < κ+ with cf(β) = ω, there exists exactly one real number rβ such that |(Uα ⊕ Aα) \ f −1(rβ)| < κ .
Proof. By condition (4) and Lemma 5.2 there exists at least one such rβ . If t ∈ R such that |(Uα ⊕ Aα) \ f −1(t)| < κ , then
f −1(rβ) ∩ f −1(t) = ∅, hence t = rβ ; so rβ is unique. 
For each r ∈R deﬁne
Sr =
{
β < κ+: ∃A ∈ (Mβ+1 \ Mβ)
(
f (A) = r)}.
For each β ∈ Sr we pick a pair (Aβ, (β)) such that Aβ ∈ (Mβ+1 \ Mβ), f (Aβ) = r, and |Aβ ∩ [(β), (β + 1))| = ω (by
conditions (3), (4)).
Next deﬁne
Sκr =
{
γ < κ+:
∣∣Sr ∩ (ξ,γ )∣∣= κ for all ξ < γ }.
The sets Sκr are closed in the order topology on κ
+ , and if Sr is unbounded in κ+ then so is Sκr . Let Cκr denote the set of
limit points of Sκr with respect to the order topology on κ
+ .
Claim 2. If cf(β) = ω and β ∈ Cκr then |{U ∈ Uβ : f (φ−1(U ) ∪ U ) = r}| = κ .
Proof. Put U0 = {U ∈ Uβ : f (φ−1(U ) ∪ U ) = r}. Assume |U0| < κ . Then also |⋃U0| < κ . We can ﬁnd an increasing sequence
{γn: n < ω} converging to β with each γn in Sκr for n ∈ ω, hence |Sr ∩ (γn, γn+1)| = κ . For a ﬁxed n, and each τ ∈ Sr ∩[γn, γn+1), we picked a pair (Aτ , (τ )). The intervals [(τ ), (τ + 1)) are pairwise disjoint as τ runs through Sr ∩ [γn, γn+1).
Hence at least one of these intervals misses
⋃U0. Take any τn ∈ Sr ∩ [γn, γn+1) such that [(τn), (τn + 1)) ∩ (⋃U0) = ∅.
Then Aτn ∈ Mτn+1 \ Mτn , f (Aτn ) = r and, |Aτn ∩ [(τn), (τn + 1))| = ω. For n 1, let Fn be ﬁnite sets such that
f
(
Aτn ∩
[
(τn), (τn + 1)
) \ Fn)⊂
(
r − 1
n
, r + 1
n
)
.
Pick ξn ∈ (Aτn ∩ [(τn), (τn + 1)) \ Fn for n  1, and deﬁne X = {ξn: n  1}. By maximality, there exists U ∈ Uβ such that|U ∩ X | = ω, so f (U ) = r; and therefore U ∈ U0. This is a contradiction because (U ∩ X) ∩ (⋃U0) = ∅. Thus |U0| = κ and
that completes the proof of Claim 2. 
Claim 3. There exists exactly one r ∈R such that Sr is unbounded.
Proof. Since c < κ+ there exists an r ∈R such that∣∣{β < κ+: cf(β) = ω and rβ = r}∣∣= κ+.
For this r, Sr is unbounded in κ+ . Suppose that t ∈ R such that St is unbounded. Then both Cκr and Cκt are cub sets
in κ+ , and hence there exists β ∈ Cκr ∩ Cκt with cf(β) = ω. By Claim 2, |{U ∈ Uβ : f (φ−1(U ) ∪ U ) = r}| = κ , and |{U ∈ Uβ :
f (φ−1(U ) ∪ U ) = t}| = κ . These are disjoint sets, and that contradicts the deﬁnition of rβ in Claim 1. This completes the
proof of Claim 3. 
Now we ﬁnish the proof of the theorem. By Claim 3, St is bounded in κ+ for all t ∈ R \ {r}. Thus there exists μ < κ+
such that⋃
t∈R\{r}
St ⊂ μ.
It follows that for all A ∈ M \ Mμ , f (A) = r. Thus |M \ f −1(r)|  κ . It remains to show that |κ+ \ f −1(r)|  κ . Let
Tt = {α ∈ κ+ \μ: f (α) = t}. Then Tt is ﬁnite for all t = r. Otherwise Tt is inﬁnite for some t = r, hence there exists M ∈ M
such that |M ∩ Tt | = ω. Since we took unions at limit ordinal steps (condition (5)) there exists ξ such that
M ∈ Mξ+1 \ Mξ ⊂
[
(ξ + 1)]ω,
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therefore |ψ(κ+,M) \ f −1(r)| κ < κ+ . This completes the proof of the theorem. 
The cardinal numbers c(n) and c(ω) = sup{c(n): n ∈ ω} were deﬁned at the end of Section 1.
Corollary 8.3 (ZFC). For every natural number n, there exists a Mrówka MADF M ⊂ [c(n)]ω .
Proof. For n = 0, we take the Mrówka MADF M ⊂ [c]ω given by Corollary 5.3. We know |M| = c because “cω = c” implies
that every MADF on [c]ω has cardinality c. We apply Theorem 8.2 to M, and we get a Mrówka MADF M ⊂ [c+]ω with
|M| = c+ . The result follows by induction. 
9. Limit cardinals of uncountable coﬁnality
Lemma 9.1 (ZFC). Let κ , λ be inﬁnite cardinals. If U is open in ψ(κ,M) and |U | = λ then |U ∩ κ | ω√λ.
Proof. Otherwise, |U ∩ κ | < ω√λ. By the Clopen Set Lemma, there is a clopen set W ⊃ U ∩ κ with |W | |U ∩ κ |ω < λ. Since
U is open, U ∩ κ is dense in U ; so we have U ⊂ clψ(U ∩ κ) ⊂ W ; hence |U | |W | < λ, which is a contradiction. 
Theorem 9.2 (SCH). Let κ be a limit cardinal such that ω < cf(κ) and assume that for every cardinal λ < κ , there exists a Mrówka
MADF Mλ ⊂ [λ]ω . Then there exists a Mrówka MADF on κ with |M| = κ .
Proof. Let {μξ : ξ < μ} be an increasing family of cardinals satisfying (a) κ = sup{μξ : ξ < μ}, (b) μξ = sup{μτ : τ < ξ} if ξ
is a limit ordinal, and (c) μξ+1 = μ+ξ if cf(ξ) = ω. We use the μξ in a similar manner as we used the (α) in Theorem 8.2.
For each ξ < μ let Aξ ⊂ [μξ+1 \ μξ ]ω be a Mrówka MADF. We construct Mξ ⊂ [μξ ]ω such that:
(1) Mξ is an ADF,
(2) ξ < τ implies Mξ ⊂ Mτ ,
(3) if cf(ξ) = ω, then Mξ+1 = Mξ ∪ Aξ ,
(4) if cf(ξ) = ω, then Mξ+1 = Mξ ∪ (Aξ ⊕ Bξ ) where Bξ ⊂ [μξ ]ω is such that Bξ ∪ Mξ is a MADF,
(5) if ξ is a limit ordinal, then Mξ =⋃{Mτ : τ < ξ}.
Proof. To see that Aξ ⊕ Bξ in condition (4) is well deﬁned, we show that |Bξ | = |Aξ | = μξ+1. Now |Aξ | = μ+ξ , because
Aξ is a MADF on a set of cardinality μξ+1 = μ+ξ (by Corollary 3.11 which uses the SCH). Now we need to show that
|Bξ | = μ+ξ . To see this let (ξi) be an increasing sequence of ordinals with ξ = sup{ξi: i < ω}. By the SCH, |Mξi |μωξi μ+ξi ;
so |Mξ | ∑i∈ω μ+ξi = μξ , and Mξ ∪ Bξ is a MADF on a set with cardinality μξ that has countable coﬁnality, hence
|Mξ ∪Bξ | = μ+ξ (by Corollary 3.11); so |Bξ | = μ+ξ . Therefore Aξ ⊕Bξ is well deﬁned. This shows that the recursion, which
is speciﬁed in conditions (1)–(5), can be carried out to κ . Hence we may assume the recursion is complete and deﬁne
M =⋃{Mξ : ξ < κ} ⊂ [κ]ω .
We note here that by condition (4), Mξ+1 is a Mrówka MADF on μξ+1 because Aξ is Mrówka on the set (μξ+1 \ μξ )
and |μξ ∪ Mξ | = μξ is too small to affect the Mrówka property on a set of cardinality μξ+1. Since Mξ+1 is a MADF
whenever cf(ξ) = ω, and ω < cf(κ), it follows that M is a MADF on κ . We need to prove that M is Mrówka. Suppose not.
Then there exists f ∈ C(ψ(κ,M)) such that for all r ∈R, |ψ(κ,M) \ f −1(r)| = κ . We will use the following two claims:
Claim 1. There exists r ∈R such that | f −1(r)| = κ .
To prove this claim, we use the facts that cf(κ) > ω and R has a countable base to construct a decreasing sequence of
bounded open sets Un ⊂R such that Un+1 ⊂ Un , | f −1(Un)| = κ and {r} =⋂{Un: n ∈ ω}. Then | f −1(r)| = κ since otherwise,
| f −1(r)| = λ < κ ; so by the Clopen Set Lemma (Lemma 3.4) there is a clopen set W ⊃ f −1(r) with |W |  λω  λ+ < κ
by SCH. Thus we may pick distinct αn ∈ f −1(Un) \ W for all n ∈ ω. There exist M ∈ M such that |M ∩ {αn:n ∈ ω}| = ω.
Thus f (M) = r, but M ∩ (ψ \ W ) is inﬁnite; so M is in the closed set (ψ \ W ) ⊂ (ψ \ f −1(r)). Therefore f (M) = r. This
contradiction completes the proof of Claim 1.
Claim 2. There exist two disjoint closed sets H, K ⊂R such that | f −1(H◦)| = | f −1(K ◦)| = κ where H◦ , K ◦ denote the interior of H,
K in the usual topology on R.
To prove this claim, let r0 ∈ R be such that | f −1(r0)| = κ (by Claim 1). Let Ui = (r0 − 1i , r0 + 1i ) for i  1. By our
assumption on f , |ψ(κ,M) \ f −1(r0)| = κ , and since cf(κ) > ω, there exists i such that |ψ(κ,M) \ f −1(Ui)| = κ . Take
H =R \ Ui and K = Ui+1. This completes the proof of Claim 2.
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| f −1(K ◦) ∩ κ | = ω√κ = κ by Lemma 9.1 and the fact that ω√κ = κ because the SCH and the hypothesis that κ is a limit
cardinal imply that ω
√
κ = κ . Now we may pick an increasing sequence of ordinals ξn satisfying∣∣ f −1(H◦) ∩ (μξn+1 \ μξn )∣∣> μξn and ∣∣ f −1(K ◦) ∩ (μξn+1 \ μξn)∣∣> μξn .
Let ξ = sup{ξn: n ∈ ω}. Since cf(κ) > ω, we have ξ < κ . We show that∣∣ f −1(H) ∩ Mξ+1∣∣= μξ+1 and ∣∣ f −1(K ) ∩ Mξ+1∣∣= μξ+1. (∗)
Deﬁne En = f −1(H◦) ∩ (μξn+1 \ μξn ) for n ∈ ω. Then |En| > μξn . Put
B′ = {B ∈ Bξ : ∣∣{n ∈ ω: B ∩ En = ∅}∣∣= ω}.
Then B′ ⊂ Bξ and |B′| = μξ+1 because by Lemma 8.1, |Ei |μξn for all i  n; so |B′|μξ , and (
⋃{Mξn : n ∈ ω} ∪B′) ⊂[μξ ]ω is a MADF; therefore since cf(ξ) = ω; |B′| = μ+ξ = μξ+1 by Corollary 3.11 and the SCH.
Now let B ∈ B′ , and put M = ϕ−1(B) ∪ B ∈ Mξ+1. Since the set of ordinals ϕ−1(B) ∪ B converges to the point M in
the topology on ψ(κ,M) and {α ∈ B: f (α) ∈ H} is inﬁnite, we have that f (M) ∈ H = H . In other words, B′ ⊂ f −1(H)
and therefore | f −1(H)| = μξ+1. Likewise | f −1(K )| = μξ+1. But f −1(H), f −1(K ) are disjoint; so this shows that for any
x ∈R, |ψ(λ,Mξ+1) \ f −1(x)| = μξ+1 = |Mξ+1| (because either x /∈ H or x /∈ K ). Hence f shows that ψ(μξ+1,Mξ+1) is not
Mrówka, but we noted that condition (4) of the recursion implies that Mξ+1 is Mrówka whenever cf(ξ) = ω, and that is
a contradiction. It is easy to see that |M| = κ , and this completes the proof. 
10. Countable coﬁnality
Theorem 8.2 does not give a Mrówka MADF on κ if κ = λ+ where cf(λ) = ω, because the assumption in that theorem
that there exist a MADF on λ of cardinality λ implies that cf(λ) > ω (Corollary 3.13). We take care of this case and the case
cf(κ) = ω in the next result.
Theorem 10.1. Let λ > c be a cardinal of countable coﬁnality (cf(λ) = ω), such that ω√λ = λ, and 2λ = λ+ , then:
(A) there exists a Mrówka MADF M ⊂ [λ]ω with |M| = λ+;
(B) there exists a Mrówka MADF M ⊂ [λ+]ω with |M| = λ+ .
We use the following lemma.
Lemma 10.2. Let λ > c be a cardinal of countable coﬁnality such that ω
√
λ = λ, and 2λ = λ+ . There exists A ⊂ Inc(λ) such that:
(1) A is an ADF.
(2) For every pair of disjoint subsets H, K of λ with |H| = |K | = λ there exists A ∈ A such that |A ∩ H| = |A ∩ K | = ω, hence in the
space ψ(λ,A) A is a limit point of both H and K .
Proof. By 2λ = λ+ we may construct a list {(Hα, Kα): α < λ+} of all pairs (H, K ) such that H, K ∈ [λ]λ and H ∩ K = ∅. By
recursion on λ+ we construct Aα ∈ Inc(λ) such that
(i) β < α implies |Aα ∩ Aβ | < ω,
(ii) |Aα ∩ Hα | = |Aα ∩ Kα | = ω.
If we have Aα for all α < γ (where γ < λ+) we construct Aγ as follows. Put H = Hγ and K = Kγ . If |Aα ∩ H| < ω for
all α < γ , then take any F0 ∈ [H]ω ∩ Inc(λ). Otherwise let {κi: i ∈ ω} be a strictly increasing sequence of regular cardinals,
coﬁnal in λ. Deﬁne Aγ = {Aα ∩ H: |Aα ∩ H| = ω and α < γ }. We are in the case where Aγ = ∅. Let M ⊂ [H]ω be a MADF
such that Aγ ⊂ M. For each n ∈ ω deﬁne Cn = {M ∈ M: M ⊂ κn}, and let B = {M ∈ M: supM = λ}. Then
M = B ∪
⋃
{Cn: n ∈ ω}.
For each n ∈ ω we have Cn ⊂ [κn]ω; so |Cn| κωn < λ (by the hypothesis ω
√
λ = λ). By Corollary 3.13 we know |M| λ+ . It
follows that |B| λ+ . Since |Aγ | |γ | λ, we may pick a set E ∈ (B\Aγ ). Pick F0 ∈ [E]ω ∩ Inc(λ). Then {Aα: α < γ }∪{F0}
is an ADF and |F0 ∩ H| = ω. Similarly we can ﬁnd F1 such that {Aα: α < γ } ∪ {F1} is an ADF, and |F1 ∩ K | = ω. Put
Aγ = F0 ∪ F1. Then Aγ satisﬁes (i) and (ii) for step γ . This completes the recursion. Now we have a family {Aα: α < λ+}
satisfying (1) and (2). 
Proof of Theorem 10.1. Let {κn: n ∈ ω} be an increasing sequence of regular cardinals, coﬁnal in λ. For n ∈ ω let Mn ⊂
[κn]ω be a MADF for each n, and Mn ⊂ Mm if n < m. Let A ⊂ Inc(λ) be the ADF constructed in Lemma 10.2. Since
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that M is Mrówka. Let f ∈ C(ψ(λ,M)). Since c < λ+ , there exists r ∈R such that | f −1(r)| = λ+ . Let E = ψ(λ,M)\ f −1(r).
Claim. |E| λ < |M|.
Otherwise, |E| = λ+ . Since c < λ+ there exists s ∈ f (E) such that | f −1(s)| = λ+ . Since s = r there exist open sets U , V
in R, r ∈ U , s ∈ V , and U ∩ V = ∅. Since | f −1(U )| = | f −1(V )| = λ+ , it follows that | f −1(U ) ∩ λ| = | f −1(V ) ∩ λ| = ω√λ = λ
by Lemma 9.1 and hypothesis. Hence H = f −1(U ) ∩ λ and K = f −1(V ) ∩ λ provide a pair of disjoint subsets of λ of
cardinality λ; so by Lemma 10.2, they have a common limit point A in ψ(λ,A), and hence in ψ(λ,M) since A ⊂ M. But
clψ(λ,M)(H) ⊂ f −1(U ), clψ(λ,M)(K ) ⊂ f −1(V ) and U ∩ V = ∅ which gives a contradiction. This proves (A).
To prove (B), we use Lemma 5.2: take a Mrówka MADF on λ of size λ+ (by (A)) and a MADF on [λ,λ+) (which will have
cardinality λ+ since λ+  (λ+)ω  (2λ)ω = 2λ = λ+) and then take the Mrówka join. 
11. Cardinality of f −1(r) for r ∈R
In this section we prove a new result for the countable case (κ = ω). In Claim 1 in the proof of Theorem 9.2 we showed
that assuming the SCH and cf(κ) > ω, there exists r ∈ R such that | f −1(r)| = |M|. In this section we show that having a
ﬁber with full size (i.e., | f −1(r)| = |M|) is consistent and independent of ZFC in the countable case. This is the following
theorem. Recall that a is the smallest cardinality of a MADF on ω.
Theorem 11.1 (SCH). The following are equivalent:
(i) a < c,
(ii) there exists a MADF M ⊂ [ω]ω , |M| = c and there exists a continuous function f :ψ → [0,1] such that for every r ∈ [0,1],
| f −1(r)| < c = |M|.
Lemma 11.2. For every countable family P = {Pi: i ∈ ω} ⊂ [ω]ω of pairwise disjoint inﬁnite sets, there exists a MADF M ⊂ [ω]ω
such that P ⊂ M and |M| = a.
Proof. Without loss of generality, P is a partition of ω. Let A ⊂ [ω]ω be a MADF with |A| = a. Pick distinct Ai ∈ A for
i ∈ ω. Then there exists ni ∈ ω such that the family {Ai \ ni: i ∈ ω} is a pairwise disjoint family of inﬁnite subsets of ω. Put
X =
⋃
i∈ω
(Ai \ ni).
Then X is an inﬁnite subset of ω and
AX =
{
A ∩ X: A ∈ A and |A ∩ X | = ω}
is a MADF on X . Since |AX | |A| = a, we have that |AX | = a (by deﬁnition of a). Let ϕ :ω → X be a bijection such that
ϕ(Pi) = Ai \ ni for all i ∈ ω. Let M = {ϕ−1(E): E ∈ AX }. Then M ⊂ [ω]ω and since ϕ−1(Ai \ ni) = Pi , we have P ⊂ M.
Moreover, M is a MADF on ω since AX is a MADF on X , and |M| = |AX | = a. 
Lemma 11.3. For each r ∈ R ∩ [0,1] there is an ADF Mr ⊂ [Q ∩ [0,1]]ω such that |Mr | = a, every M ∈ Mr converges to r, and
Mr satisﬁes the following maximality condition: for every C ∈ [Q ∩ [0,1]]ω , if C converges to r then there exists M ∈ M such that
|M ∩ C | = ω.
Proof. Let r ∈R∩ [0,1], and identify ω with Q∩ [0,1]. We partition the interval [0,1] as follows:
Pi =
{[
r − 1
i
, r + 1
i
]
\
(
r − 1
i + 1 , r +
1
i + 1
)}
∩ (Q ∩ [0,1])
for i  1. Let P denote the set of all inﬁnite members of {Pi: i  1}. By Lemma 11.2 there exists a MADF M ⊂ [Q∩ [0,1]]ω
such that |M| = a, and P ⊂ M. Then Mr = M \ P is the desired ADF. For any M ∈ M \ P , M converges to r because M
is inﬁnite and M ∩ Pi is ﬁnite for all i  1. If C ∈ [Q∩ [0,1]]ω converges to r then because C is inﬁnite, there exists M ∈ M
such that |M ∩ C | = ω. Since C converges to r, M /∈ P . 
Theorem 11.4. There exists a MADF M ⊂ [ω]ω with |M| = c and there exists f ∈ C(ψ(ω,M)) such that f (ψ) = [0,1] and for
every r ∈ [0,1], | f −1(r)| = a.
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condition of Lemma 11.3. Deﬁne
M =
⋃
r∈R
Mr .
Then M ⊂ [Q∩ [0,1]]ω is a MADF. In fact, |M| = c, but this is not relevant here. Deﬁne f :ψ(Q∩ [0,1],M) →R by
f (x) =
{
x if x ∈Q∩ [0,1],
r if x ∈ Mr .
To see that f is continuous at M ∈ Mr , it suﬃces to note that M converges to r and the value of f (M) = r. To complete
the proof we note that
f −1(r) =
{Mr ∪ {r} if r ∈Q∩ [0,1],
Mr if r ∈ [0,1] \Q
so for all r ∈R∩ [0,1], | f −1(r)| = a. 
Proof of Theorem 11.1. If a < c, then the desired M and f are given by Theorem 11.4.
Conversely if such an M and f exist, then pick r ∈R so that f −1(r)∩M is inﬁnite (that such an r exists can be proved
by the method used in Claim 1 of Theorem 9.2 and the fact than every ﬁnite subset of M is contained in a countable
clopen set). Deﬁne A0 = ω \ f −1(r − 1, r + 1) and for n 1
An = ω ∩ f −1
((
r − 1
n
, r + 1
n
)
\
(
r − 1
n + 1 , r +
1
n + 1
))
.
Put
A = {An: n ∈ ω and |An| = ω}∪ {M ∈ M: f (M) = r}.
Clearly A is an ADF, and by our choice of r, A is inﬁnite. It is easy to check that A is a MADF. Since a |A| = | f −1(r)| < c,
we have a < c. 
12. The Mrówka point has a clopen local base
Deﬁnition 12.1. Let κ  ω and M ⊂ [κ]ω a Mrówka MADF. The unique free uniform z-ultraﬁlter p on ψ(κ,M) is called
the Mrówka point of βψ .
Theorem 12.2 (SCH). For every cardinal κ  ω, and every Mrówka MADF M ⊂ [κ]ω the Mrówka point p has a local base of clopen
sets in βψ .
Proof. The proof for ω κ  c is straightforward since p is the only point in βψ \ ψ .
We assume that κ > c and recall that p = {Z ∈ Z(ψ): |ψ \ Z | < |M|} (Theorem 7.1).
Let p ∈ O where O is open in βψ , and let U be a cozero set and Z a zero set in βψ such that
p ∈ Z ⊂ U ⊂ U ⊂ O .
By Lemma 3.7 Z = Z ∩ ψ ; so by Fact 3.5 Z ∩ ψ ∈ p. Hence |ψ \ (Z ∩ ψ)| < |M|, and |ψ \ U | < |M|.
Claim. |ψ \ U |ω < |M|.
We prove the Claim in three cases.
Case 1. κ = λ+ where λ is a cardinal of countable coﬁnality. In this case |M| = λ+ by Corollary 3.11. Since |ψ \ U | < |M|,
we have |ψ \ U | λ. By the Zero Set Lemma, |ψ \ U | = λ, hence |ψ \ U | < λ. Thus |ψ \ U |ω  |ψ \ U |+ < λ (by SCH and the
assumption that λ is a limit cardinal).
Case 2. κ is an uncountable cardinal of countable coﬁnality. In this case we have |M| = κ+ by Corollary 3.11. Since |ψ \U | <
|M|, we have |ψ \ U | κ . By the Zero Set Lemma, |ψ \ U | = κ ; so |ψ \ U | < κ and therefore |ψ \ U |ω  |ψ \ U |+ < λ (by
SCH and the assumption that λ is a limit cardinal).
Case 3. cf(κ) > ω and κ not the successor cardinal of a cardinal of countable coﬁnality. In this case we have |M| = κ by
Corollary 3.11. Since |ψ \ U | < |M|, we have |ψ \ U | < κ . Since κ not the successor cardinal of a cardinal of countable
coﬁnality, |ψ \ U |ω < κ = |M|.
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(ψ \ U ) ⊂ W and |W |  |ψ \ U |ω. By the Claim, |W | < M. Since (ψ \ W ) is a zero set in ψ and the cardinality of its
complement is less than |M| we have ψ \ W ∈ p. Thus
p ∈ ψ \ W ⊂ ψ \ (ψ \ U ) ⊂ U ⊂ O .
This shows that p has a local base of clopen sets in βψ , and that completes the proof of the theorem. 
The previous theorem tells us that p has a local base of clopen sets in βψ , and therefore in βψ \ ψ . We next show that
in some cases, p is a P-point in βψ too.
13. Mrówka point vs. P-point in βψ and βψ \ ψ
Recall that a point x in a space X is called a P-point in X provided every intersection of countably many neighborhoods
of x is a neighborhood of x. In more detail, if κ > ω then x is called a P (κ)-point in X provided every intersection of less
than κ neighborhoods of x is a neighborhood of x. Thus a P (ω1) point is the same as a P-point. A point x is called a simple
P (κ)-point in X provided x has a local base of clopen sets in X , {Wα: α < κ}, such that α < β < κ implies Wα ⊃ Wβ .
A point x is called a weak P-point in X provided x is not in the closure of any countable set E ⊂ X \ {x}.
Let ω κ  c, and let M ⊂ [κ]ω be a MADF such that |βψ \ ψ | = 1, and let p be the unique point in βψ \ ψ . It is easy
to see that p is not a P-point in βψ . Pick E ⊂ M with |E| = ω. Then E has no limit points in ψ . Therefore, E has a limit
point in βψ (in fact E converges to p) so p is not a (weak) P-point in βψ .
In this section we show that for certain κ > c the Mrówka point is a P-point in βψ . We prove the following result.
Theorem 13.1 (SCH). Let κ > c, M ⊂ [κ]ω a Mrówka MADF, and let p be the Mrówka point in βψ \ ψ .
(a) If cf(κ) > ω and κ is not the successor of a cardinal of countable coﬁnality, then p is a P (cf(κ))-point in βψ .
(b) If κ is a regular cardinal (i.e., κ = cf(κ)), then p is a simple P (κ)-point in βψ .
(c) Otherwise (i.e., cf(κ) = ω, or κ = λ+ and cf(λ) = ω) then p is not a P-point nor a weak P-point in βψ or βψ \ ψ .
The proof follows from the following lemmas.
Lemma 13.2 (SCH). Let λ > ω and cf(λ) = ω. If κ = λ or κ = λ+ and M ⊂ [κ]ω is a Mrówka MADF, then for every E ∈ [ψ]λ , p ∈ E.
Proof. In either case on κ , we have (by the SCH and Corollary 3.11) |M| = λ+ . Suppose E ∈ [ψ]λ and p /∈ E . By Theo-
rem 12.2 there exists a clopen neighborhood V of p in βψ such that V ∩ E = ∅. By the Zero Set Lemma (Lemma 3.10) no
clopen subset of ψ has cardinality λ. In particular, |ψ \ V | = λ. Since E ⊂ (ψ \ V ), |ψ \ V | λ; hence |ψ \ V | > λ. On the
other hand, p ∈ V = V ∩ ψ , hence V ∩ ψ ∈ p; so by the Mrówka property of p, |ψ \ (V ∩ ψ)| < |M| = λ+ (by the SCH).
Thus |ψ \ V | λ. This is a contradiction, and completes the proof. 
Lemma 13.3 (SCH). For all κ ω and all MADF M ⊂ [κ]ω , there exists a uniform free ultraﬁlter q on ψ(κ,M), such that q contains
ψ \ W for every clopen set with |W | < |M|.
Proof. Put
F = {(ψ \ W ): W is clopen in ψ and |W | < |M|}.
Clearly F has the FIP, and ⋂F = ∅. Let q be a z-ultraﬁlter on ψ such that F ⊂ q. Clearly q is free. We check that q is
uniform. If not, then there exists a zero set Z ∈ q such that |Z | < |M|. By the Zero Set Lemma (Lemma 3.10), cf |Z | = ω.
Therefore by the SCH |Z |ω = |Z |. Thus by Lemma 3.4 there exists a clopen set W such that Z ⊂ W and
|W | |Z |ω = |Z | < |M|.
Thus (ψ \ W ) ∈ F ⊂ q, and (ψ \ W ) ∩ Z = ∅, which is a contradiction. 
Thus, assuming the SCH, every ψ-space has at least one uniform z-ultraﬁlter.
Lemma 13.4. If ϕ : X → Y is a homeomorphism of X onto a clopen subset W of Y , and q is a free z-ultraﬁlter on X, then
ϕ(q) = {ϕ(Q ): Q ∈ q}
is a base for a free z-ultraﬁlter on Y .
Proof. Clearly ϕ(q) is a free z-ultraﬁlter on the subspace W , and since W is clopen, each set in ϕ(q) is a zero set in Y .
Thus ϕ(q) is a base for a free z-ultraﬁlter on Y . 
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of a countable discrete sequence (ti)i in βψ \ ψ ⊂ βψ . Thus p is not a weak P-point in βψ (or in βψ \ ψ ).
Proof. Let (λi) be an increasing sequence of successor cardinals such that for i ∈ ω, λi < λ and λ = sup{λi: i ∈ ω}. By the
Clopen Set Lemma, there exist clopen sets Wi such that λ0 ⊂ W0 and for i > 0
(a) λi ∪ Wi ⊂ Wi+1,
(b) |Wi | λωi = λi .
Put M′i = {M ∈ M: |M ∩ (Wi+1 \Wi)∩κ | = ω}, and Ai = {M ∩ ((Wi+1 \Wi)∩κ): M ∈ M′i}. Then Ai ⊂ [(Wi+1 \Wi)∩κ]ω
is a MADF. Moreover, |Ai | = λi+1. By Lemma 13.3 there is a free uniform z-ultraﬁlter qi on ψi = ψ((Wi+1 \ Wi) ∩ κ,Ai).
Since Wi is clopen, and |Wi | = λi , we have (ψi \ Wi) ∈ qi (since qi is uniform).
Deﬁne ϕi :ψi → ψ by ϕ(α) = α for all α ∈ (Wi+1 \ Wi) ∩ κ and ϕ(A) = M where A = M ∩ (Wi+1 \ Wi) ∩ κ (for A ∈ Ai).
The function ϕ is well deﬁned since the map M → M ∩ (Wi+1 \ Wi) ∩ κ is one-to-one (by almost disjointness) and easily
seen to be a homeomorphism. By Lemma 13.4, ϕ(qi) is a base for a free z-ultraﬁlter on ψ . For each i ∈ ω, deﬁne
ti =
{
T ∈ Z(ψ): (∃Q ∈ q) (Q ⊂ T )}.
Then ti is the z-ultraﬁlter generated by qi . Since ti ∈ Wi+1 \ Wi the sequence (ti)i is a discrete sequence. To complete
the proof we need to verify that p is a limit point of {ti: i ∈ ω}. If not, then by Theorem 12.2, there exists a clopen
neighborhood V of p such that V ∩ {ti: i ∈ ω} = ∅. For each i ∈ ω, let Zi be a zero set neighborhood of ti in βψ such
that Zi ∩ V = ∅. By Lemma 3.7 ti ∈ Zi = Zi ∩ ψ , hence Zi ∩ ψ ∈ ti . Let Q i ∈ qi such that Q i ⊂ Zi ∩ ψ . Since qi is uniform,
|Q i| = λi+1. Therefore |⋃i∈ω Q i | = λ. By Lemma 13.2, p ∈ (⋃i∈ω Q i), hence V ∩ (⋃i∈ω Q i) = ∅, so there exists i ∈ ω such
that V ∩ Q i = ∅. Since Q i ⊂ Zi , we have V ∩ Zi = ∅ which is a contradiction. This completes the proof. 
The next result is a theorem of J. Terasawa [14] restated for uncountable cardinals. It shows that even if M is a Mrówka
MADF, we cannot claim that βψ is a zero-dimensional space.
Theorem 13.6. Let X be a compact metric space having no isolated points. If there exists a Mrówka MADF on κ , then there exists
a Mrówka MADF M on κ such that βψ(κ,M) \ ψ(κ,M) contains a clopen homeomorphic copy of X .
We conclude by looking at three particular ψ-spaces.
Example 13.7 (ZFC). We consider the three cases κ = ω (= ω0), ω1 and ω2. Let M0 ⊂ [ω]ω be a MADF such that
ψ0 = ψ(ω,M0) satisﬁes |βψ0 \ ψ0| = 1 (Theorem 1.3). Since ω1  c we may let M1 ⊂ [ω1]ω be a MADF such that
ψ1 = ψ(ω1,M1) satisﬁes |βψ1 \ ψ1| = 1 (Corollary 5.3). For ω2, either ω2  c or c = ω1 and ω2 = c+ . By Corollary 5.3
or Corollary 8.3 there is a Mrówka MADF M2 ⊂ [ω2]ω . Let pi be the unique point in βψi \ ψi for i = 0,1,2. By Theo-
rem 13.1, all three points p0, p1, p2 have a local base of clopen sets in βψ0, βψ1 and βψ2 respectively. Further, p0 and p1
are not weak P-points in βψ0, βψ1 respectively. However, p2 is not only a P-point in βψ2, it is a simple P (ω2)-point in βψ2.
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